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Classical Phase transitions

Order parameter!
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m ∝ tβ, t = |Tc−T
Tc

|
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Critical exponents

• specific heat c(t, 0) ∝ t−α

• order parameter m(t, 0) ∝ tβ

• susceptibility χ(t, 0) ∝ t−γ

• order parameter m(h, 0) ∝ h
1
δ

• correlation length ξ(t, 0) ∝ t−ν

• correlation function G(r, t) ∝ r−d+2−η
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Two independent critical exponents: yT , yH

• α = 2− d
yT

• β = d−yH
yT

• γ = 2yH−d
yT

• δ = 2yH
d−yH

• ν = 1
yT

• η = d+ 2− 2yH
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Four scaling laws:

1. Rushbrooke: α+ 2β + γ = 2

2. Widom: γ = β(δ − 1)

3. Fisher: γ = ν(2− η)

4. Josephson — hyperscaling: dν = 2− α
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Basic Questions

• :a: Why do phase transition occur al all?

• :b: Is it possible to calculate phase diagram of a given system?

• :c: How does one calculate the values of critical exponents?

• :d: What are factors that determine which set of phenomena
have the same critical exponents?
universality:
- dimension of space
- dimension of order parameter
- range of interactions
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Peierls argument 1D

∆F = 2J − kBT logL
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Peierls argument 2D

∆F = 2LJ − kBT log3L

kBTC
J = 2

log3
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Theories of Phase Transitions

• Mean Field m = tan(zmJ +Hm), H - mean field (a,b)

• Landau f(m,T ) = A+Bm2 + Cm4 + ... (a,b)

• Scaling theory (Finite Size) (c)

• Renormalization Group H ′ = R(H) (a,b,c,d)
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The model od XY ferromagnet
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• The model: HXY = −J
∑

nn SiSj = −J
∑

nn cos(θi − θj),
(S = ∞, attached to squate lattice)

• continuum limit: HXY = J
2

∫

d2r(∇θ(~r))2

• correlation function: 〈eiθ(~r)−iθ(~0)〉 =
(

a
r

)

kBT
2πJ

• winding number: W = 1
2π

∮

∇θ(~r) · d~r
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D.J. Thouless, Topological Quantum Numbers in Nonrelativistic Physics, World Scientific, 1998, page 12.
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• excitations: vortices and vortex-antivortex pairs

high T →W = 1 low T →W = 0
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Peierls argument

• single vortex energy: Ev = J
2

∫

d2r
(

1
r

)2
= JπlogL

a
L-system size, a-cutoff

• vortex—antivortex pair energy:Jπlogr
a, r - v-av distance

• F = U − TS = JπlogL
a − kBT log

(

L
a

)2

• TKT = Jπ
2kB

• vortex (high T ) — antivortex pair (low T ) interplay
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KT — correlation function

• T < Tc: 〈eiθ(~r)−iθ(~0)〉 = C1

• T = Tc: 〈eiθ(~r)−iθ(~0)〉 =
(

a
r

)
1
4

• T > Tc: 〈eiθ(~r)−iθ(~0)〉 = C2e−r/ξ
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Haldane conjecture

• SNLS = S
4

∫

dxdt
(

1
v(∂t~n)

2 − v(∂t~n)
2
)

• Stopo = iS2
∫

d2x ~n ·
(

∂1~n× ∂2~n
)

, (x1, x2) = (it, x)

• W = i 1
4π

∫

d2x ~n ·
(

∂1~n× ∂2~n
)

• Z =
∫

D[~n(~x)]e(−SNLS−Stopo)

• phase factor e−2iπS → spectrum gapped
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Resonating Valence Bond States

P.W. Anderson suggestion (early 70’s): ground states of quantum
antiferromagnet is a superposition of products of singlets (valence
bonds).

a. Valence bond state

b. Short range RVB,
gapfull spin liquid, long range entanglement!

c. Long range RVB,
gapless excitation
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Resonating Valence Bond States

• Non-orthogonal, over-complete set of singlet coverings

• Overlaps: 〈ψ1|ψ2〉 ∼ 2No. of loops

|ψ1〉 |ψ2〉 〈ψ1|ψ2〉
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The system under consideration / the metod applied

Figure 1

• H = J1
∑

SiSi+1 + J2
∑

SiSi+2, λ = J2
J1

.

attached to a finite chain (up to 24 spins 1
2) with PBC.

• The ground state of the above system is calculated within an
exact diagonalization in RVB basis —
generalized eigenproblem H|Ψ〉 = EC|Ψ〉.
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A very simple model

• For λ < λc = 0.2411 GS is critical with correlations ∼ log(r)/r
Excitations are gapless - the finite-size triplet gap ∼ 1/L
(also with log correction).

• For λ > λc correlations decay exponentially, triplet gap remains
open in thermodynamical limit.

• The transition between these phases is known to be of
Kosterlitz-Thouless type.
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Computational method

• generalized eigenproblem: H|Ψ0〉 = E0C|Ψ0〉
C - the matrix of scalar products 〈ck|cl〉

• Basis dimension:
16 spins - 1430× 1430
18 spins - 4862× 4862
20 spins - 16786× 16786
22 spins - 58786× 58786
24 spins - 280212× 280212

• numerical differentiation
d
dλψ =

(

3(ψi−4 − ψi+4) + 32(−ψi−3 + ψi+3)

+ 168(ψi−2 − ψi+2) + 672(−ψi−1 + ψi+1)
)

/840
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RVB basis and winding numbers

D.J. Thouless, Topological Quantum Numbers in Nonrelativistic Physics, World Scientific, 1998, page 12.
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RVB basis and winding numbers

Figure 2: Examples of representing scalar products 〈ck|cl〉 of two
basis functions 〈ck| (red) and |cl〉 (blue) in a 12-spin system.
The “transition graph” on the left is non contractible (contains
3 loops, its winding number equals to 1, topological sector W1),
whereas on the right is contractible (contains 6 loops, its winding
number equals to 0, topological sector W0).
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|Ψ0〉 =
∑

i

αi(λ)|ci〉, 〈Ψ0|Ψ0〉 =
∑

i,j

αiαj 2
N (ci,cj)

where 〈ck|cl〉 = 2N (ck,cl) with N (ck, cl) being a number of loops
arising when the coverings 〈ck| and |cl〉 are drawn simultaneously
on the same lattice.

• αi are real!

• 〈Ψ0|Ψ0〉 =
∑

i,j αiαj 2
N (ci,cj)

∣

∣

∣W0 +
∑

i,j αiαj 2
N (ci,cj)

∣

∣

∣W1.

• 〈∂λΨ0|Ψ0〉 = −〈Ψ0|∂λΨ0〉 = 0 (from normalization)

• 〈Ψ0|∂λΨ0〉 =
∑

i,j αi∂αj 2
N (ci,cj)

∣

∣

∣W0 +
∑

i,j αi∂αj 2
N (ci,cj)

∣

∣

∣W1.
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The scalar product and its derivatives

in topological sectors
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E0(λ) = EW0
0 (λ) + EW1

0 (λ)
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The ground state energy E0(λ) divided into sectors W0 and W1 in systems up

to 24 spins .
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Energy-entropy (Peierls) argument

• the interplay between contractible and noncontractible objects
leads to a phase transition

• The energy of a non contractible loop is of the order −3
4L(1−λ)

Two contractible coverings have an energy −3
4
L
3 (1− λ).

The difference L
2 (1− λ), increases linearly with L.

• The creation of a non contractible cowering may be done in
1
2C

2
L/2 ways (CL/2 =

L!
(L/2)!(L/2+1)!).

• L
2 (1− λc)− λclog(12C

2
L/2) = 0
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• eventually, for large L, λc = 1
1+4 log 2

≈ 0.265 (which should be

compared with 0.241).
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χf(λ) =
1
L〈∂λΨ0|∂λΨ0〉 = χW0

f (λ) + χW1
f (λ)
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• for L→ ∞ χf(λ) is logarithmically divergent

• this differs from the results [Phys.Rev. B 91, 014418 (2015)],
obtained for 1D XXZ Heisenberg spin-12 system with open
boundary conditions (OBC), pointing that fidelity susceptibility
is finite

• if we would have examine the scaling of χf with respect to L
without its splitting into topological sectors, we would have
received also the finite value of χf for L→ ∞ with logarithmic
correction

• while examining topological phase transitions it is better to
use periodic boundary conditions
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Relation to geometric phase

• if 〈Ψ0|Ψ0〉| ∝ geometric phase,

• then ∂
∂λ|〈Ψ0|Ψ0〉| ∼ a0 + a1logL at QPT

Shi-Liang Zhu, Scaling of Geometric Phases Close to the Quantum Phase Transition in the XY Spin Chain,

Phys. Rev. Lett. 96, 077206 (2006).

Angelo C.M. Carollo and Jiannis K. Pachos, Geometric Phases and Criticality in Spin-Chain Systems,

Phys. Rev. Lett. 95, 157203 (2005).
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Geometric phase: rotate spins on odd and even positions
around the z direction by angles φ and −φ, respectively. This
defines a new, φ-dependent basis in which the spectrum of the
Hamiltionan remains unaltered. Under this transformation each
singlet entering to a given basis function transformes as follows

|s〉 = 1√
2
(|↑↓〉 − |↓↑〉) → |s′〉 = 1√

2
(ei

φ
2 |↑↓〉 − e−iφ2 |↓↑〉),

∫

〈s′|∂s
′

∂φ 〉dφ, for two spins-12 coupeld antiferromagnetically in
their ground state, due to equal contributions (with opposite

sign) from the term (ei
φ
2 |↑↓〉 and the term e−iφ2 |↓↑〉) equals to 0.

The same is true for any finite system, but one can overcome
this difficulty, by acumulating the geometric phase for only one
term and similarly for larger systems.
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The geometric phase, βg/Ns for the groundstate |Ψ0(φ)〉,
accumulated by varying the angle φ from 0 to π is proportional
to the −iπ〈Ψ0|Ψ0〉 and seems to be not λ-dependent one.

The absolute value of its derivative in sectors W0 and W1
displays a well-marked peak at λ∗(L) > λc, which shifts towards λc
with increasing L. The value of

dβg

dλ diverges ∂
∂λβg/Ns ∼ a0+a1logL

with a1=2.272.

It is possible to extract a critical exponent ν from the scaling

of the function B = (1− e
dβg(λ(L))

dλ −dβg(λ
∗(L))

dλ ) ∝ L1/ν(λ(L)− λ∗(L))
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Summary

• Finite size scaling of 〈∂Ψ0|∂Ψ0〉W1 enables to locate quantum
critical point λc = 0.2411 and to find critical exponent ν = 2
in a frustrated spin system with Kosterlitz-Thouless phase
transition.

• The term 〈Ψ0|∂Ψ0〉
∣

∣

∣

W0,W1
is related to geometric phase. Finite

size scaling of the geometric phase is the independent test for
λc = 0.2411 and ν = 2.

• We hope that the presented result open the way for further
exploration of critical phenomena in systems in which there is
no possibility to identify an order parameter.

Nowe trendy w użytkowaniu KDM, 23—24 maja 2017 45


